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Thermal PBE in warm dense matter: Does it matter and is it accurate?

Kushal Ramakrishna,*[] Mani Lokamani,® Zhandos A. Moldabekov,?
Tobias Dornheim,>3 Kieron Burke,* and Attila Cangi®P|

Information Services and Computing, Helmholtz{Zentrum Dresden{Rossendorf (HZDR), 01328 Dresden, Germany
2Institute of Radiation Physics, Helmholtz{Zentrum Dresden{Rossendorf (HZDR), 01328 Dresden, Germany
SCenter for Advanced Systems Understanding (CASUS),

Helmholtz{Zentrum Dresden{Rossendorf (HZDR), 02826 Gorlitz, Germany
“Departments of Chemistry and Physics, University of California, Irvine, USA
(Dated: May 26, 2026)

Conditional probability density functional theory has recently been used to derive the temperature
dependence of the Perdew{Burke{Ernzerhof (PBE) generalized gradient approximation (GGA) for
the exchange{correlation (XC) free energy. We implement and systematically benchmark thermal
PBE within Kohn{Sham density functional theory calculations of warm dense matter. Comparisons
with the local density approximation (LDA) and PBE functionals, as well as thermal LDA, show
that thermal PBE signi cantly improves the description of warm dense matter properties, including

energies, forces, pressures, and electronic charge densities.

In particular, thermal PBE exhibits

close agreement with path integral Monte Carlo (PIMC) reference data at negligible additional
computational cost. This work demonstrates the practical utility of thermal PBE as an accurate
semilocal functional for simulations in the warm dense regime.

I. INTRODUCTION

Warm dense matter (WDM) is a state of matter de-

ned by its unique combination of high temperature and
density [I, [2]. Speci cally, it refers to a material heated
to temperatures on the order of thousands to hundreds
of thousands of Kelvin while remaining compressed to
densities similar to those found in solids or liquids [3{5].
This regime is of particular interest because it is di cult
to study experimentally but relevant to various astro-
physical phenomena, such as the interiors of giant plan-
ets and white dwarf stars [6{10]. From a technological
point of view, understanding the properties of WDM is
highly relevant for inertial con nement fusion [I, [1I] as
both the fusion fuel and the ablator material have to pass
through warm dense conditions on their way from room
temperature to ignition. The study of WDM requires
advanced experimental techniques, such as high{energy
lasers, to create and probe these extreme conditions [12i{
15]. Because of the experimental challenges, researchers
also rely on sophisticated computational techniques [5].

Theoretical methods such as path integral Monte Carlo
(PIMC) [16422] and nite{temperature Kohn{Sham den-
sity functional theory (DFT) [23{25] coupled to molec-
ular dynamics (MD) are currently the most widely used
methods for computing the properties of WDM. In the
Mermin generalization of the Hohenberg{Kohn theorem
to nite temperatures, the XC free energy is known to
become temperature dependent [24]. In the past, many
such DFT simulations used the local density approxi-
mation (LDA), for which the temperature dependence
has been extensively derived, largely via quantum Monte

Carlo (QMC) calculations [19] [26§29].
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However, modern DFT simulations of WDM almost
always employ the PBE generalized gradient approxima-
tion, because of its higher accuracy in predicting ener-
getic di erences [30]. Many such calculations are quali-
tatively successful, and often semi{quantitative in their
accuracy, while ignoring the temperature{dependence in
XC. This success could be explained by their relative ac-
curacy in both the zero{ and high{temperature limits (in
the latter case, XC becomes relatively negligible [31]),
and a study of this e ect [32] showed a maximum rela-
tive error in the dc electrical conductivity of no more than
15%. On the other hand, such e ects might be crucial
in a simulation, and other properties might show larger
deviations. These include electronic structure [32{3g],
optical properties such as re ectivity [37] and electrical
conductivity [38, [39], as well as thermodynamic prop-
erties such as phase transitions and equation of state
(EQS) [4, B7]. This represents a recognized source of
systematic uncertainty in such simulations.

In this work, we investigate the importance of explicit
temperature dependence in the XC free energy by evalu-
ating the newly developed thermal PBE functional based
on the concept of conditional probability density func-
tional theory [40].

We rst summarize the recently derived thermal GGA
and then provide a systematic assessment of the thermal
PBE functional for various properties of warm dense hy-
drogen, a fundamental system for understanding WDM.
This includes comparisons of total free energies, forces,
and pressure (Fig. 1) and the accuracy of the electronic
density with PIMC calculations (Fig. [2). We also pro-
vide a numerical assessment of our implementation rela-
tive to the LDA, PBE, and thermal LDA for the uniform
electron gas in the relevant range of temperatures and
densities (Figs. [4] and [5). Furthermore, we provide ad-
ditional comparisons of the thermal PBE functional with
LDA, PBE, and thermal LDA for warm dense hydrogen,
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including the behavior of the total and XC free energies
as a function of temperature (Figs. [6| and [7), as well as
comparisons of spatially resolved guantities such as the
charge density, the electron localization function (ELF),
and the density gradient (Figs. [8} and [9).

Il. RESULTS AND DISCUSSION

We begin by summarizing the form of the thermal PBE
(tPBE) XC free energy. Within this framework, the XC
free energy is expressed as

Z
ALPE(s isi )= dfrn() M) FEPE( s )
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where UNf = 3k .=(4) is the exchange energy per par-
ticle of the uniform electron gas, k. = 3 2n(r) 2 the
Fermi wavevector, F¥°BE the enhancement factor of the

thermal PBE functional, rs = (3=4 n(r)) 123 the Wigner{
Seitz radius, = (n=(r) n «(r))=n(r) the relative spin
orientation de ned in terms of spin{up and spin{down
densities, s = jrn(r)j=(2k n(r)) the dimensionless den-
sity gradient, and = T=T. the reduced temperature
with T the electronic temperature and T. = k?=(2kg)
the Fermi temperature, where kg is the Boltzmann con-
stant.

The particular form of the thermal PBE enhancement
factor, recently constructed to be consistent with the
conditional probability density functional theory calcu-
lations [40], is given by

tPBE F;Jcnif(l’s; ) PBI
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where FU"f(rg; ;) denotes the enhancement factor
of the uniform electron gas at nite{temperature and
Funif(rg; ) denotes that in the ground state. Impor-
tantly, the temperature dependence of the thermal PBE
functional enters solely through a thermal prefactor, de-

ned as the ratio of enhancement factors for the ther-
mal and ground{state uniform electron gas. This prefac-
tor multiplies the ground{state PBE enhancement factor
(which is independent of temperature) while containing
all density gradient dependencies. As a result, thermal
PBE consistently incorporates spin{polarization e ects
at nite{temperature, in contrast to other thermal GGA
functionals where such spin dependence is absent [33].
Consequently, the resulting XC free energy of thermal
PBE reduces to PBE at zero temperature and to nite{
temperature LDA in the absence of density gradients.
The thermal prefactor in Eq. 2 is further analyzed and
illustrated in Appendix [Al

Accurate parameterizations for the ground{state XC
energy of the uniform electron gas have been established
for some time [41{43]. More recently, the XC energy of
the uniform electron gas at nite{temperature has also
been parameterized [18, [29]. The free energy per particle

in this case is parameterized by
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fs 1+d()rs™ +e()rs

" (rs; ) = (©)

where a( ), b(), c(), d() and e() are functions of re-
duced temperature (see Refs. [18] [29] for parameteriza-
tion).

We have implemented the thermal PBE functional (as
de ned in Eq. [2) in LIBXC [44], [45], incurring negligible
additional computational overhead compared to ground{
state PBE. We validate our implementation by per-
forming calculations for the uniform electron gas across
a range of relevant temperatures and densities in Ap-
pendix [B]

Having validated thermal PBE for the uniform elec-
tron gas, we next assess its performance for warm dense
hydrogen ] a prototypical system that exhibits strong
thermal e ects, and pronounced density gradients. Hy-
drogen is not only of fundamental interest in itself but
also serves as a benchmark system for EOS calculations
under extreme conditions.

We rst assess the thermal PBE functional in the con-
text of DFT{MD simulations. To this end, we calcu-
late the free energy, total force and pressure of hydro-
gen at rg = 4, T=31,250 K (=0.86). The calcula-
tions are performed using the Vienna ab initio Simulation
Package (VASP) [47{50] using a Nose{Hoover thermo-
stat [51] in the NVT ensemble with an ionic time{step
of t = 0:08 fs. All calculations are performed in the
spin{unpolarized con guration, corresponding to = 0.
At WDM conditions (T 10;000{100;000 K), hydrogen
is fully dissociated and the electrons are delocalized, so
the net spin polarization vanishes self-consistently; the
system is genuinely nonmagnetic. The simulation cell
contains 256 hydrogen atoms with 4,056 electronic bands
included to ensure that the highest{band occupation re-
mains below 10 5. Brillouin zone sampling is car-
ried out at the Baldereschi mean value point [52]. The
top row of Fig. [I] shows the time evolution of the free
energy, total force, and pressure obtained with thermal
PBE and ground{state PBE. Although both functionals
produce stable trajectories, systematic di erences are ev-
ident. The plots in the bottom row show the correspond-
ing relative di erences. The left plot indicates free energy
relative di erences between thermal PBE and PBE in the
range 3{5%, while the middle plot shows the histogram
of instantaneous force di erences Fipge F pe. We
observe a peaked distribution of force di erences, with
most samples concentrated around 0:01 eV= A, indicat-
ing small yet consistent deviations between thermal PBE
and PBE forces. Pressure provides an especially stringent
test, as it directly impacts EOS and Hugoniot predic-
tions. The right plot in the bottom row compares results
with PIMC reference data. The comparison reveals that
thermal PBE vyields pressures in close agreement with
PIMC, with errors below 2%, whereas ground{state PBE
exhibits substantially larger deviations. These results are
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FIG. 1. DFT{MD simulation of hydrogen at rs=4 ( =0.042 g/cm %), T=31,250 K ( =0.86). The plots in the top row show the
free energy, force, and pressure per MD step using thermal PBE (red) and PBE (blue). The left plot in the bottom row shows
the relative di erence in free energy between thermal PBE and PBE. The center plot shows the histogram of instantaneous
force di erences Ftpee F pee, illustrating the distribution and typical magnitude of deviations between thermal PBE and
PBE. The right plot in the bottom row shows the relative pressure di erence of thermal PBE and PBE in comparison to

PIMC [46].

consistent with earlier studies demonstrating the criti-
cal role of thermal XC contributions for accurately de-
scribing thermodynamic properties of warm dense mat-
ter [3, 32{34, 36, [37].

In addition to thermodynamic quantities, we also ex-
amine the electronic charge density and electron localiza-
tion function (ELF) [53], which probe the XC functional
in real space. We analyze a representative snapshot of
hydrogen at r¢ = 4, = 1 (T¢ = 36;000 K), consist-
ing of 32 atoms in a cubic cell (Fig. ). The electronic
charge density and ELF are evaluated on 140 140 140
and 90 90 90 real{space grids, respectively. Fig-
ure Zb shows relative di erences in electronic density
between thermal PBE and PBE along central slices of
the [001], [010], and [100] planes, with red indicating
increased density and blue indicating decreased den-
sity due to thermal e ects. The changes are spatially
smooth and small in magnitude, re ecting modest ther-
mal redistribution of electrons. In contrast, Fig. [2c re-
veals that the ELF exhibits pronounced, highly local-
ized di erences reaching approximately 15%. Ther-
mal XC e ects consistently enhance electron localiza-
tion near protons while reducing it in interstitial re-
gions. This pattern, observed across all crystallographic
planes, indicates that nite{temperature XC corrections
primarily redistribute electronic localization rather than
uniformly smearing the density. Figure [2d shows the
relative di erences in the density{gradient magnitude,

(rmj teee Jj  pee)=jrMj tpee, along the [001], [010],
and [100] planes. The spatial distribution reveals that
nite{temperature XC e ects modify gradient steepness
in a highly nonuniform manner. Positive di erences
(red) near ionic positions indicate that ground{state PBE
underestimates the steepness of density pro les in lo-
calization regions, while negative di erences (blue) in
interionic areas show that PBE overestimates gradient
sharpness where thermal e ects promote delocalization.
This enhanced sensitivity of the density gradient to ther-
mal XC corrections demonstrates that density{gradient
analysis provides a more discriminating probe of nite{
temperature electronic structure than density alone.

To provide quantitative validation, Fig. [2e compares
one-dimensional density pro les from thermal PBE and
PBE against PIMC reference data along the princi-
pal Cartesian directions [54], where n = (Nprt
Npimc)=npimc 100 denotes the percentage deviation
of the DFT electronic density from the PIMC reference.
Thermal PBE consistently shows slightly smaller devia-
tions from PIMC than ground-state PBE across all three
directions, with mean absolute deviations of 1.9%, 1.5%,
and 1.2% along x, y, and z respectively, compared to
2.0%, 1.6%, and 1.3% for PBE.

These results underscore the importance of thermal XC
corrections for interpreting bonding and electronic prop-
erties in warm dense hydrogen, particularly under condi-
tions relevant to planetary interiors and inertial con ne-



ment fusion. We provide additional results including the
temperature dependence of total and XC free energies
of thermal PBE, as well as further details on the tem-
perature dependence of charge density, ELF, and density
gradients in Appendix [C|

111. CONCLUSION

We have implemented the thermal PBE functional
{ an explicitly temperature{dependent GGA for the
XC free energy in plane{wave electronic-structure codes.
We assessed its performance systematically for warm
dense matter. Benchmarks against PIMC calculations
show that thermal PBE provides a substantially im-
proved description of warm dense hydrogen compared
with ground{state LDA and PBE, as well as thermal
LDA, yielding accurate energies, forces, pressures, and
electronic densities at negligible additional computa-
tional cost. A systematic comparison with the nonem-
pirical thermal GGA of Karasiev, Dufty, and Trickey
(KDT16) [33] would be a natural extension of the present
work and is left for future study. Overall, our results es-
tablish thermal PBE as a practical and reliable semilo-
cal functional for rst{principles simulations in the warm
dense regime. The present implementation further en-
ables the generation of nite{temperature DFT datasets
for training machine{learning interatomic potentials ap-
plicable to extreme conditions [55{59]. Beyond static
properties, it also provides a foundation for investigations
of excited{state and transport phenomena [5} 38, [60{65],
where explicit thermal XC e ects are expected to play a
critical role.
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FIG. 2. Real{space electronic structure analysis of hydrogen at rs = 4, = 1. (a) Simulation cell with ionic positions (gold

spheres). (b) Relative di erences in electronic charge density, (ntpee N pee)=nweee, along [001], [010], and [100] planes. (c)
Relative di erences in ELF, (ELFwpge ELF pee)=ELFwpee. (d) Relative di erences in density gradient magnitude (jrnj),
(rnj weee jrnj  pee)=jrnj weee. (€) Electronic density pro les along x, y, and z directions comparing relative di erences of
PBE (blue), and thermal PBE (red) with respect to PIMC reference data.



APPENDIX
Appendix A: Thermal enhancement prefactor

In the following, we investigate how changes in den-
sity and temperature in uence the thermal PBE en-
hancement factor. For the enhancement factors of the
thermal and ground{state uniform electron gas, we use
the parameterization by Groth et al. [29]. We ex-
amine the impact of the thermal prefactor (Eq. [2),
Funif(rg; 5 )=F YMif(rs; ). Figure Blillustrates this pref-
actor for spin{unpolarized uniform electron gas ( = 0)
at reduced temperature ( = 0 8) and densities (r ¢ =
1 8). At high densities (small r ), thermal XC e ects
become signi cantly more pronounced at higher tempera-
tures. However, as density decreases, the e ects of nite{
temperature XC are pronounced even at relatively lower
temperatures [32] [34].

FIG. 3. Thermal prefactor Fi"(rs; ; )=F " (rs; ) in
Eq. as functions of density (rs) and reduced temperature
( = T=T¢) for the spin{unpolarized ( = 0) uniform
electron gas.

Appendix B: Validating the implementation of the
thermal PBE functional

To validate our implementation, we perform calcu-
lations for the uniform electron gas across a range
of temperatures and densities using an in{house ver-
sion of the full{potential linearized augmented{plane{
wave (FP{LAPW) method [66] implemented in the Elk
code [67]. In these calculations, we employ 16 16 16
and 32 32 32 k{point grids with the occupation of the
highest band constrained to 10 7.

Figure [4] displays the results of this assessment. \We
show the XC free energy per particle (a,. ) and the XC
potential energy per particle (v, ) for a range of reduced
temperatures at densitiesrg = 1 and rs = 4. The ref-

erence point is the parameterization of the exact PIMC
data of Groth et al. [29]. We include results for the ther-
mal PBE, thermal LDA, and PBE functionals. For ther-
mal LDA and thermal PBE, the GDSMFB parameteri-
zation [29] of the uniform electron gas is employed. We
additionally include the thermal LDA evaluated using the
corrKSDT parameterization of Karasiev et al. [33] as a
further reference. Importantly, Fig. |4 shows that ther-
mal PBE is correctly reduced to both the thermal LDA
(in the uniform{density limit) and PBE at zero temper-
ature. Moreover, thermal PBE shows excellent overall
agreement with the PIMC reference data (GDSMFB), as
expected. The insets further show the relative di erences
between thermal PBE and PBE, highlighting the grow-
ing deviation of thermal PBE from ground{state PBE at
elevated temperatures. This agreement con rms the cor-
rectness and numerical stability of our implementation.

Although all hydrogen calculations employ = 0, we
additionally verify the spin{polarization dependence of
the tPBE implementation for the uniform electron gas
across 2 [0;1] for completeness. In Fig. §jwe examine
the spin{polarization dependence of the XC free energy
per particle (axc) at densities r¢ = 1 and rg = 2, and
temperatures T=100 K and T=10,000 K. The results
are compared against the GDSMFB parameterization of
Groth et al. [29], which serves as the reference. As ex-
pected, the XC free energy exhibits a smooth and mono-
tonic dependence on the spin{polarization (), with the
fully spin{polarized limit ( = 1) yielding more negative
values than the unpolarized case ( = 0), consistent with
the dominant role of exchange e ects. The tLDA, con-
structed directly from the GDSMFB parameterization,
reproduces the reference results by construction. Impor-
tantly, the tPBE functional preserves the correct spin{
polarization trends across all densities and temperatures
considered.

Appendix C: Comparison of thermal and
ground{state functionals

Figure [6] compares the total energy and XC free en-
ergy of hydrogen at xed density (rs=4) across LDA,
PBE, thermal LDA, and thermal PBE functionals as
computed with the Elk code. In the top plot (total
free energy), both thermal functionals correctly reduce
to their ground{state counterparts at zero temperature.
As the temperature increases, the di erence between the
thermal and ground{state functionals grows. The in-
set highlights relative di erences with respect to ther-
mal PBE, remaining within a few percent. The bottom
plot depicts a similar comparison, but just for the XC
free energy, revealing an analogous trend and a relative
di erence reaching approximately 3% near T..

Figure [7] compares the XC free energy of hydrogen
at xed density (rs=2) across thermal LDA and ther-
mal PBE functionals using spin{unpolarized ( = 0)
and spin{polarized ( = 1) con gurations. As expected,



FIG. 4. Exchange{correlation free energy per particle (axc) and the XC potential energy per particle (vxc) for the
spin{unpolarized uniform electron gas as a function of reduced temperature at densities (rs=1 and rs=4) in comparison with
the GDSMFB parameterization of the uniform electron gas by Groth et al. [29]. The thermal LDA functional is evaluated
using the GDSMFB parameterization, as is the thermal prefactor (Eq. [2) of thermal PBE. In addition, we include the thermal
LDA functional evaluated using the corrKSDT parameterization of Karasiev et al. [33]. The inset plots show the relative

di erences between PBE, thermal LDA, and thermal PBE highlighting the importance of the explicit temperature

dependence in the thermal prefactor as temperature increases.

the spin{polarized XC free energy is more negative than
the spin{unpolarized case across the entire temperature
range, consistent with the dominant role of exchange ef-
fects. Importantly, thermal PBE correctly reproduces
the spin{polarization dependence of thermal LDA across
all temperatures considered. We note, however, that the
spin{polarized ( = 1) results are shown here solely for
the purpose of validating the spin{polarization depen-
dence of the thermal PBE functional, and are not physi-
cally appropriate for warm dense hydrogen. As discussed
in Section E]. the spin{unpolarized con guration ( = 0)
is the physically correct choice for hydrogen in the WDM

regime.

While Figs. [2(b)} [2(c)l and [2(d)| assess the impact of
explicit thermal XC e ects, we complement this analy-
sis by examining density{gradient corrections. To this
end, we analyze di erences in the spatial distribution of
electronic properties between thermal PBE and thermal
LDA for hydrogen at rs = 4 and = 1, as shown in
Fig. [8l Speci cally, we show the relative di erences be-
tween thermal PBE and thermal LDA along the [001],
[010], and [100] crystallographic planes, thereby isolating
the contribution of density{gradient corrections in ther-
mal PBE.

Panel (a) displays the charge density di erence,




FIG. 5. Exchange{correlation free energy per particle (axc) for the uniform electron gas as a function of spin{polarization ()
at densities rs=1 and rs=2, shown for temperatures T=100 K (top row) and T=10,000 K (bottom row). Results are
compared with the GDSMFB parameterization of Groth et al. [29]. The thermal LDA functional is evaluated using the
GDSMFB parameterization, as is the thermal prefactor (Eq. [2) of thermal PBE.

(ntpBe N wpa)=Npee, revealing that density{gradient
corrections in thermal PBE lead to modest but sys-
tematic redistribution of electronic density compared
to thermal LDA. The di erences are spatially smooth
and exhibit characteristic patterns around ionic posi-
tions. Panel (b) presents the ELF di erence, (ELF¢pge
ELFu pa)=ELFpge, which shows more pronounced vari-
ations reaching approximately 10%. This indicates
that the inclusion of density gradients substantially af-
fects electron localization, particularly in the vicinity of
protons and in interstitial regions. Panel (¢) depicts
the density{gradient magnitude di erence, (jrnj tpe
imj wpa)=irmj tpee, illustrating the relative sensitivity
of the gradient of the density due to the density{gradient
correction in thermal PBE.

Comparing Figs. [2(b)] [2(c), and [2(d)| with Fig. 8 indi-
cates that the impact of explicit thermal XC e ects (ther-
mal PBE versus ground-state PBE) is at least compara-
ble in magnitude to that of density{gradient corrections
(thermal PBE versus thermal LDA). This supports the
conclusion that the thermal PBE functional incorporates
both dependencies, each of which plays an important role
in the warm dense regime.

To elucidate the distinct e ects of thermal and XC
functionals on the electronic density, we analyze the dif-
ference between the relative electronic density changes
induced by two pairs of functionals: (i) thermal PBE
versus PBE, and (ii) thermal LDA versus LDA as shown
in Fig. [0 We de ne the relative density change as



FIG. 6. Total energy and XC free energy of hydrogen at
rs=4 as a function of reduced temperature ( =T=T¢)
evaluated using ground{state (PBE, LDA) and thermal
functionals (thermal PBE, thermal LDA). The inset plots
show the relative di erence in total energy and XC free
energy between thermal PBE and other functionals.

XY —1090 ™ v,

rel Ny (Cl)

where nx and ny denote the electronic densities obtained
from functionals X and Y, respectively. We then consider
the di erence between the relative changes for the two
functional pairs:

_ tPBE/PBE tLDALDA.,
rel = el rel :

This quantity, rel, highlights spatial regions where
the impact of the thermal correction di ers between the
PBE and LDA families. Positive values of rel Indi-
cate that the relative change in density upon going from

(C2)

FIG. 7. XC free energy of hydrogen at rs=2 as a function of
reduced temperature ( =T=T¢) evaluated using
spin{unpolarized ( = 0) and spin{polarized ( = 1) thermal
functionals (thermal PBE and thermal LDA).

PBE to thermal PBE is greater than that from LDA
to thermal LDA at a given spatial point, while negative
values indicate the opposite. The spatial distribution of
rel Provides insight into the functional sensitivity of
the electronic structure. Enhanced positive values near
atomic centers or in bonding regions suggest that thermal
PBE introduces a more pronounced correction relative to
thermal LDA in those areas, whereas negative values in-
dicate a stronger e ect for thermal LDA. Regions where
rel 0 indicate that both functional families yield sim-
ilar relative changes upon inclusion of thermal e ects.
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FIG. 8. Comparison of thermal PBE and thermal LDA functionals across [001], [010], and [100] planes. (a) Charge density
di erence, (b) electron localization function (ELF) di erence, and (c) density gradient di erence. The percentages indicate
the relative deviation between thermal PBE and thermal LDA.
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FIG. 9. Di erence between the relative electronic density changes across [001], [010], and [100] planes. Positive values (red)
indicate regions where the relative density di erence (thermal PBE vs. PBE) exceeds that of (thermal LDA vs. LDA);
negative values (blue) indicate the opposite.
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