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It seems self-evident that a density functional calculation should be normalized to the number of
electrons in the system. We present multiple examples where the accuracy of the approximate energy is
improved (sometimes greatly) by violating this basic principle. In one dimension, we explicitly derive the
appropriate correction to the normalization. Beyond one dimension, Weyl asymptotics for energy levels
yield these corrections for any cavity. We include examples with Coulomb potentials and the exchange
energy of atoms to illustrate relevance to realistic calculations.
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It is a truth universally acknowledged, that any density
functional calculation should yield a density that integrates
to the number of electrons in the system. No matter how
little is known about the functionals involved, this truth is so
well fixed in the minds of practitioners that the normali-
zation step passes almost unnoticed [1].

Sophisticated approximations to the exchange-correla-
tion functional of Kohn-Sham density functional theory
(DFT) [2,3], together with improved algorithms and
powerful computers, allow for efficient and accurate
calculations on systems with thousands of atoms [4].
With advances in quantum embedding methods [5] and
orbital-free DFT [6], even millions of atoms can be treated
[7], with applications ranging from molecular biology [8]
to drug design [9] and materials engineering [10]. But in
the 60 years since the foundational papers, it has never
been questioned that, even when minimizing an approxi-
mate energy functional, the best normalization constraint is
to require that [ drn(r) = N, i.e., the density integrates to
the number of electrons in the system. However, motivated
by recent advances in the semiclassical study of DFT
[11,12], we show here that an approximate normalization
[drn(r) = N =N 4 AN, derived from asymptotic con-
siderations, yields much better energetics than the usual
norm. Remarkably, changing just this normalization and
nothing else often yields better results than the same
functional evaluated on the exact density (the basic idea
behind density-corrected DFT improvements [13-16]).
This also represents the generalization of many semi-
classical DFT results beyond one dimension [12,17-20].

We start with a simple example: N noninteracting,
spinless electrons in one dimension [21]. The local density
approximation for such problems is the Thomas-Fermi (TF)
approximation for the kinetic energy [22,23], here
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7* [dxn(x)?/6 (using Hartree atomic units). For the
simplest case, the infamous particle(s) in a box, with the
potential inside the box v(x) = 0 and box length L =1,
Fig. 1 compares three approximations for the energy E(N).
The first is the standard DFT treatment, where n(x) is found
by minimizing the functional, so n(x) = N. This energy is
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FIG. 1. Bottom: red is the TF density, green the exact density,
and blue the normalization-corrected density for N = 5. Top:
percent errors for the TF energy evaluated on each density (see
Table S1 in [25]).
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denoted E (N) (tilde signifies an approximation) and shown
in red in the top panel, with its density in the bottom. The
green is the TF functional evaluated on the exact density,
with its energy denoted by E4(N) [24]. The blue is
normalization-corrected TF (ncTF),

N =N + AN, (1)

where N denotes an approximate normalization and where
AN = 1/2, outperforming E(N) and E4(N) in all cases.
Energy expressions can be found in Sec. S1 of
Supplemental Material [25]. The normalization correction
makes the approximate density closer to the true density far
from the walls, an idea that dates back to Scott [26].

In this first example, the correction AN can be derived

from the explicit formula for the density n(x) = N — r(x),

where 7(x) = sin(2Nzx)/2 sin(zx) is a lower order term on
average, away from the walls. Ignoring the density oscil-
lations yields a better energy than accounting for them and
has the advantage of staying within the family of densities
belonging to the TF functional. In mathematical terms, the

TF densities of differing N form a “foliation” of the graph
space [27]. For a box or cavity, TF densities are constants
and our correction yields the constant which best approx-
imates the bulk, at the expense of the edge. Our approximate
constraint beats the exact constraint and even beats using the
exact density.

This Letter presents a proof of principle for our method,
focusing on the noninteracting TF kinetic energy functional
[22,23], which was first mathematically analyzed in [28,29].
We first derive and generalize the one-dimensional (1D)
example above, using WKB theory [30]. We next explain
how Weyl asymptotics for energy levels in cavities can be
used to derive values of AN in higher dimensions, with
various examples; for instance, Fig. 2 is the analog of the
bottom panel of Fig. 1 for a 2D circular cavity (see also
Ref. [31]). We also give several examples for specific simple
potentials, ending with interacting systems and the
exchange energy to connect to realistic DFT calculations.

Proof in one dimension—For the Hamiltonian
—(1/2)d?/dx* + v(x), the TF and WKB approximations
are essentially equivalent [33]. From WKB [Eq. (1.308) of
[34] 1, under reasonable conditions on v(x) [35], we have
an implicit formula for individual energy levels

/_“@p(s,x):ﬁ(j) = j —v+r(j) (2)

o T

where p(€,x) = /2[€ —v(x)], is the classical momen-
tum, j is a positive integer, v is the Maslov index [36] (O if
there are only hard walls and increases by 1/4 for each
classical turning point), and r(j) is a remainder, which
vanishes at least as fast as j~'. The exact levels are

n(r)s+
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FIG. 2. Densities for 19 electrons (11 filled shells) in a circular
cavity of radius 1. Green is the exact density, red is TF, and blue is
ncTF (Sec. S7 of [25], which includes [32]). An analogous
phenomenon, also derived from Weyl asymptotics, is observed in
Fig. 2 of [31].

& =E(()) =€ —v+ 1)),

where (1) solves Eq. (2). Summing over N levels yields,
for the dominant behavior as N — oo,

E(N) = is,NANdag(z). 3)

j=1

By changing variables A — &, differentiating (2), and
swapping the order of integration, [33] showed that
[N diE(2) = E(N), precisely [37].

An exact version of (3), similar to [38], is

E(N) = [Z”/z da(€(4(a)) +s(a)d%5(/1(a)))v )

where s(4) = A — |4] — 1/2 is a sawtooth function, and we
have extended A(a) from (2) smoothly to noninteger a. To
check (4), integrate by parts in the second term and
simplify. Assuming certain derivatives of £(1) and r(a)
are well behaved, from (4) the leading correction to (3) is

E(N) ~ /0 T EM)=EN+1/2-1). (5)

This yields AN =1/2—-v, so AN =1/2 in the two-
wall case of the Introduction (first row of Table III) and
AN = 1/4 in the one-wall case (second and third rows of
Table III). This completes the derivation of AN for any
potential in 1D, with any nonperiodic boundary condition.
For a harmonic oscillator, £(1) = wd, v=1/2, for a
particle in a box, £(1) = 7%4%/2L?, v = 0, and for a linear
half well £(1) = (374/2)%3, v =1/4.

Weyl asymptotics—In higher dimensions, Weyl asymp-
totics [39,40] provide precise information about energy
levels for many Hamiltonians, including general classes of
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TABLE 1. Exact and approximate energies for a 3D box with
incommensurate edges 1 x v/2 x z. See Fig. 3 and Supplemental
Material Fig. S3 [25].

N E(N) E(N) E4(N)  En(N)=E(N)
1 790  1.69(=79%) 3.61(=54%)  5.38(—32%)
10 161 783(=51%) 120(—26%)  148(—8%)
100 5141  3633(=29%) 4490(—13%)  5039(—2%)

1000 198 838 168 647(—15%) 187 810(—6%) 197 873(—0.5%)

potentials and cavities [41]. To derive a good AN from such
asymptotics is simple. For N noninteracting, spinless
electrons in a d-dimensional cavity, Weyl asymptotics state
that

E(N) = C;N""2/4 4 CN"™ /.. (6)

where C; and C, depend on the geometry of the cavity in a
simple, explicit way [Eq. (6) of [42]]; see also Ref. [31].
Related asymptotics hold for other Hamiltonians [41,43].
The TF approximation yields precisely the first term only,

and we choose N to recover the second as N — co. T hus,
E(N) corresponds to a one-term Weyl asymptotic and

E,.(N) = E(N) to a two-term Weyl asymptotic. Table I
and Fig. 3 show the accuracy of INZHC(N ) for a 3D box.

Weyl asymptotics were conjectured over a century ago in
[40] and proved in [44,45]. They apply to problems in
acoustics and blackbody radiation and are important
throughout mathematics and physics [43]. The relevant
quantities are averaged versions of the traditional asymp-
totics, which have been recently proven for very general
cavities [46-49].

Generality—Table 1II presents further and richer exam-
ples of our method. In all cases, we find

E(N)=ANP, AN = BNY. (7)

A key feature is that the formula for the correction power g,
unlike those for p, A, or B, is universal. Moreover, the sign
of B follows that of divergences in the potential, intuitively
matching the error in the TF density in the interior. Figure 4
shows the significance of the normalization correction
across cavities of different shapes. B increases with aspect
ratio, so TF correspondingly loses accuracy, while ncTF
remains accurate even for very elongated boxes. The

formula AN = (|0Q|/3+/|Q|7)N'/? works for 2D cavities
of any shape, with |Q| being the area of the cavity and |0Q|
the perimeter. Table II lists results for a circular cavity,
where AN = (2/3)N'/2.

Generally, the more accurate an approximate energy
functional is, the smaller AN is, but a good choice of AN
improves energies (AN vanishes for the 1D harmonic
oscillator because of perfect cancellation of errors in
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FIG. 3. Red is energy-minimized TF, green is TF on the exact

density, and blue is normalization-corrected TF, for a 1x
V2 x 7 box.

TF). Typically AN is small when the potential is smooth.
For the two-dimensional isotropic harmonic oscillator
AN = 1/24 when all shells are filled, while the exact
energy is

E(N) = %N\/SN 1 (8)

Neither of these examples fit in Table III because, in both
cases, the leading correction is zero.

We have given general formulas for AN in 1D, for any
cavity in any dimension, and for specific cases. A more
general formula for AN as a functional of the potential v(r)
would be very powerful and could come from a more
general version of the Weyl asymptotics (6). Some relevant
asymptotics have been computed for smooth potentials in
[50,51], and the large body of work on the Scott correction,
which corresponds to the Coulomb case, is discussed in
[52]. It is natural to expect a formula involving a phase
space integral, in the spirit of [33].
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FIG. 4. Red is TF, green is TF on the exact density, and blue is
ncTF, for a range of rectangular boxes (continuous) and for a
circular cavity (discrete) at N = 1000. The dimensionless
|0Q|/ \/@ is proportional to B (Table III) and equals 2./7
for a circle and 4 for a square (see Secs. S6 and S7 of [25]).
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TABLE II.  Exact and approximate energies for a circular cavity
of radius 1. (Energy expressions in Sec. S7 of [25].).

N E(N) E(N) E,.(N) = E(N)
19 487 361 (=26%) 480 (—2%)

30 1139 900 (=21.0%) 1132 (-0.6%)
100 11408 10000 (—=12%) 11378 (=0.3%)
1000 1042850 1000 000 (—4%) 1042608 (—0.02%)

Interacting electrons—In practical applications of DFT,
electrons are subject to Coulomb repulsion. In this many-
body problem, there is a very specific semiclassical limit of
all (nonrelativistic) matter, in which the one-body potential
is scaled along with N. In the special case of neutral atoms,
this corresponds to simply keeping Z = N, where Z is the
number of protons in the nucleus.

Over many decades, the asymptotic expansion for
neutral atoms was derived,

E(N) = —coN"3 + N?/2 = ¢;N°/3 + -,

where c¢q = 0.769745... and ¢, = 0.269900... [12,26,53]
and orbitals are doubly occupied. Here, TF theory (includ-
ing the Hartree approximation for the electron-electron
repulsion) yields precisely the first term alone, while the
second is the Scott correction [12,26,54]. Setting AN =
—3(14¢,) "' N*/3 recovers the Scott correction, yielding the
results in Table IV. The asymptotic expansion of E, yields
a correction with ¢, = 5/(28¢,) = 0.232..., within 15% of
the correct value.

The Bohr atom—We can relate the interacting case above
back to our noninteracting examples. The Bohr atom

TABLE III.

[12,57-59] consists of noninteracting fermions (singly)
occupying hydrogenic orbitals. If the first k shells are filled,
N =12+2%+ ...+ k* and k(N) is the inverse function,
then

2 2
BV) = =5 k(W) = =5 (@02 - 1) )

We consider two distinct expansions. In the first, Z = 1
and N > 1, as in all our noninteracting examples. In the
second, Z = N > 1, as for interacting problems. In Fig. 5
(and Table S2 of [25]), both significantly improve over
simple TF, but the latter is more accurate, even more so than
the Scott correction itself.

Exchange correlation—The Kohn-Sham (KS) scheme
approximates only a small portion of the energy, the
exchange correlation (XC) energy. The simplest approxi-
mation is the local density approximation for exchange
(LDAX) [60-62], which underestimates its magnitude [63].
It uses the exchange energy density of electrons in an
infinite box, analogous to the TF calculation for Fig. 1. We
take an optimistic leap and imagine that the same forms of
Table III apply to LDAX and simply multiply the density
by a factor 1 + AN/N, with AN = BN?/3. This yields the
normalization-corrected value

EXPANC) = (14 B/N!'/3)43EWPA, (10)

Choosing B = 0.125 by eye, we find the remarkable
improvements shown in Table V for the noble gas atoms,
mirroring those for the total energy. The work of [31]
derives the exact same form for the exchange asymptotics
in a 3D box, with B ~ 0.47 (see Sec. S9 of [25]), consistent

Constants in Eq. (7). The 1D results are from Eq. (5), and those for cavities from Weyl asymptotics are from Eq. (6). The

quarter harmonic (Secs. S4 and S5 of [25]) and Coulomb [Eq. (9)] results come from explicit formulas for eigenvalues.

d Example Potential P A B q

1 Interval of length |Q| 0 on (0, Q) and +oo elsewhere 3 (7%/6|QJ%) ! [(d-1)/d

1 Half harmonic oscillator Jwx* on (0, 00) and +oo elsewhere 2 ® I [(d—1)/d]
of frequency @

1 Half linear well Fx on (0, 00) and +oo elsewhere 3 [3(3xF)*3/10] ! [(d=1)/d]
of strength F

2 Cavity of area |Q| 0 on Q C R? and +co elsewhere 2 (z/]€]) (joQ|/3/|Qlx) [(d-1)/d]

and perimeter |0Q|
2 Quarter harmonic Twr? on (0,00) x (0, 00) and +oo elsewhere 3 (4v/2/3)w (1/2v2) [(d—1)/d]
oscillator of frequency @
3 Cavity of volume |Q| 0 on Q C R? and +oo elsewhere 3 [3(6]72)%/1()|Q|%} [(36ﬂ)%‘ag|/32|g‘%] [(d-1)/d
and surface area [0Q)| .

3 Int Coulomb, Z = N —(z/r) on R\{0}, Z=N I —¢o ~(3/14cy)  [(d-1)/d]

3 Nonint. Coulomb, Z = N —(Z/r) on R3\{0}, Z=N 1 —(33/2) —(33/14) [(d—1)/d]

3 Nonint. Coulomb, Z fixed —(Z/r) on R3\{0} 3 —(33/2) —(33/2) [(d-1)/d
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TABLE IV. Energies and percent errors for TF and ncTF for
nonrelativistic noble gases. For N > 10, E(N) is obtained by
adding exchange-only energies from Table 4.6 of [55] and
acGGA+ correlation corrections from Table I of [56] (correlation
is unimportant, being less than 0.1 per electron).

Percent errors

Atom N E(N) E(N) E,.(N)
He 2 —2.904 -33 26
Ne 10 -128.9 —28 7
Ar 18 -527.6 —24 5
Kr 36 —2754 -19 2.8
Xe 54 -7235 -17 2.1
Rn 86 -21870 -15 1.5

with our guess. Their kinetic energy calculation agrees with
our formulas and also yields a bulk density of N + AN per
unit volume, just as in our examples.

Outlook—For a one-dimensional box, one can compute
AN by eye from Fig. 1 by making the straight line of the
approximate density go through the middle of the oscil-
lations of the exact density. In less obvious cases, the
practicality of normalization corrections will ultimately
rely on more robust formulas for AN as a functional of the
potential. The above derivations based on WKB and Weyl
asymptotics are special cases of semiclassical asymptotics,
which admit many general formulations [41,64-66]. Work
deriving AN in a universal way from semiclassical trace
formulas [50,51], building on the phase space point of view
of [33,37], is ongoing. Our work emphasizes the need for
results with open boundaries rather than cavities. Such
results could lead to improvements in accuracy for orbital-
free DFT calculations, which scale linearly in N, avoiding
the cubic-in-N calculation of Kohn-Sham orbitals [6]. For
applications to solids, these results should generalize to
periodic boundary conditions. Thus, we make DFT accu-
rate up to two orders instead of just the leading one in a way
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FIG. 5. Percent errors in Bohr atom energies for TF (red), ncTF
with Z fixed (blue), and ncTF with Z = N (purple). See Sec. S8
and Table S2 of [25].

TABLE V. Energies (percentage errors) for the noble gases with
EXX(N) being the exact exchange energy, EXPA(N) the local
density approximation exchange energy, EYBE(N) the Perdew-
Burke-Ernzerhof (PBE) exchange energy, and ELPA(N) the
normalization-corrected LDA. The first three were obtained
from [56].

Atom N [EXX(N)| [EPAN)|[EPE(N)] ERA(N))
He 2 1.026 0862 (16%) 1.005(2%) 0.978 (5%)
Ne 10 1210 1097 (9%) 12.03 (0.6%) 11.82 (2%)
Ar 18 3018 27.81 (8%) 29.98 (0.64%) 29.59 (2%)
Kr 36 9383  88.53(6%) 93.38 (0.5%) 93.03 (0.9%)
Xe 54 179.1 1705 (5%) 178.2 (0.5%) 178.1 (0.5%)
Rn 86 3875 3729 (4%) 385.9 (0.4%) 387.0 (0.1%)

analogous to—but different from—corrections that were
used to construct PBEsol [67] and SCAN [68].

The density with AN extra electrons is not the true
density of the system; it is a device guaranteeing more
accurate energetics by improving asymptotics. In principle,
one could derive a correction to the TF density functional
whose optimal density reproduces these energetics, by
taking the functional derivative of the corrected energy
with respect to the potential. In practice, this is a nontrivial
derivation that likely requires some form of regularization
in the vicinity of the boundaries.

In the future, there are many variations of our tricks that
could be applied to the XC functional in a KS calculation,
not just the one tried here. Important open problems include
proving that our method is applicable to the XC energy,
making it size extensive, and using it to guide the develop-
ment of better functionals.

Our analysis is also relevant to improving “density-
corrected DFT” (DC-DFT), a simple method that has
become popular [13-15], where the self-consistent density
is replaced by (a proxy for) the exact density. DC-DFT has
proven successful in many applications, including ions in
solution [69] and the phase diagram of water [70].
However, we have shown that a normalization correction
of an approximate density can be more accurate than
evaluation on the exact density. Our correction is also
much easier to implement, not just in this example, but in
every case we have considered.
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