TULANE QUANTUM THEORY GROUP

Real Space Analysis of the Exchange-Correlation Energy

Kieron Burke and John P. Perdew
Department of Physics and Quantum Theory Group, Tulane University, New Orleans, LA 70118

Presented at Thirty Years of Density Functional Theory, 13-16 June, 1994, Cracow
to appear in the International Journal of Quantum Chemistry

Synopsis: The exchange-correlation energy of a many-electron system may be written as the electrostatic interaction
between the electron density at position r and the density of the exchange-correlation hole at position r+ u. If we average
the hole over the entire system, we find that the energy is uniquely decomposed into contributions from various electronic
separations u. We may also decompose the hole into contributions from parallel and anti-parallel spins. We give several
exact conditions which this system-averaged, spin-decomposed exchange-correlation hole satisfies. Local spin density (LSD)
and generalized gradient approximations (GGA's) are more appropriate for u — 0 than for large u, and more trustworthy
for antiparallel spins than for parallel spins. We illustrate how good LSD is as u — 0 with explicit examples, but also note
that, contrary to expectation, LSD is not exact for u = 0, except in certain limiting cases. We show that the dramatic
failure of the second-order gradient expansion for large u can be cured by a real-space cutoff procedure which generates a
nonempirical GGA, the PW91 functional. We conclude with some thoughts about the search for greater accuracy in the
next thirty years of density functional theory.
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tion energy.

I. INTRODUCTION sented in a paper of Kohn and Sham which appeared the
following year [6].
Schrédinger equation for the interacting electronic system
with a set of single-particle equations whose density is the
same as that of the original system. These equations are the
Kohn-Sham equations [6], and may be written (in atomic

units, with e = h =m = 1)
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The essential idea is to replace the

The problem of finding the ground-state properties of a
system of N(> 1) electrons is important in the study of
atoms, molecules, clusters, surfaces, and solids. Since no
exact solution exists in general, many approximate methods
have been developed for approaching this problem. Each
successful method has its own advantages and disadvan-
tages.

Wave function methods [1] have proved very successful
in the study of small molecules. They have the impor-
tant merit that their accuracy can be systematically im-
proved by enlarging the size of the calculation. Unfortu-
nately, since their implementation implies finding the wave
function, which depends on 3N coordinates, for large N
they become prohibitively expensive in terms of computer
time/memory. Hence their success for molecules, and inap-
plicability to solids.

The density, on the other hand, is a function of only 3
spatial variables, r = x, y, z, so it is a much easier quantity
to work with in practice. Furthermore, the ground-breaking

vpeo(nr, nu;r>] Yoo(t) = os Yao(®). (1)

where o =1 or | is the spin index, « labels the Kohn-Sham
orbitals, v,(r) is the (spin-dependent) external potential,
and vz, o([n1,n];r) is the exchange-correlation potential,
defined below, which is a functional of the spin densities.
The total density of the system is then

n(r) = n(r) +ny(r), (2)

where

work of Hohenberg and Kohn [2] and its subsequent exten-
sion in the constrained search formulation [3-5], proved that
all quantities of interest could, in principle, be determined
from knowledge of the density alone. The Hohenberg-Kohn
theorem inaugurated the modern era of density functional
theory, and is honored in the title of this conference.

All the key elements for practical calculations were pre-

1o(r) = Y [Yao(®)] 00k — €a,0). (3)

The sum in Eq. (3) is over all Kohn-Sham orbitals, and u
is the chemical potential. The total ground state energy is

1
E = _5 <¢a,o|v2|¢a,a>6(/¢ - Eoz,o)
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where Eg.[ng,n|] is the exchange-correlation energy of the
system, in terms of which vy, o(r) = 6 Eyc/én,(r). These
equations are, in principle, exact for any electronic system, if
the exact functional E;.[ny,n)]is used. In practice, with an
explicit (approximate) functional, the Kohn-Sham equations
are straightforward to solve, being a set of self-consistent
equations for the orbitals ¢, ,(r). Because density func-
tional theory deals directly with the density, and never pro-
duces an interacting wave function, it has no particular diffi-
culties with large periodic systems. Thus it is the method of
choice for solid systems, which contain 0(1023) electrons.

The functional Eg.[ny,n|] is an extremely sophisticated
many-body object, whose functional dependence cannot be
written down explicitly for most systems. However, Kohn
and Sham also proposed a remarkably simple and robust
approximation for this functional, the local spin density
(LSD) approximation, which is still the most-used approxi-
mate functional today in solid state physics.

The aim of this paper is to show how a study of the real
space decomposition of F. helps explain why LSD works
well for so many systems, and suggests how to construct
more accurate approximations. This decomposition is given

by [7]

Eow = / P Eye(u), (5)

where u is the interelectronic spacing, and

Eye(u) = %0 / d3r n(r) ng.(r,r+ u), (6)

where ng.(r, r+u) is the exchange-correlation hole at sepa-
ration u about an electron at r. Note that E;.(u) depends
only on the angle- and system-average of the exchange-
correlation hole, not on its value in a given direction, nor
at each point in the system. The LSD approximation may
then be derived by replacing the exact hole at r with that
of a uniform gas with spin densities n{(r) and n|(r), and
inserting the resulting expression for E,.(u) into Eq. (5).
In section Il, we discuss several exact conditions satisfied
by the system-averaged exchange-correlation hole, and its
spin decomposition. We illustrate these conditions using an
exact solution of Hooke's atom. Because LSD replaces the
exact hole by the exact hole of another physical system, LSD
respects these conditions. We show, in section |ll, how this
forces LSD to be a moderately-accurate approximation even
for systems with rapidly varying densities, which is a tribute
to the insight of Kohn and Sham. We also point out how
further study suggests difficulties for the weighted density
approximation (WDA). In section IV, we discuss an approx-
imate condition on the exchange-correlation hole, namely

that LSD is approximately correct at u = 0. We give some
examples showing how good this approximate condition is,
and old arguments for why this condition ought to be ex-
act, but also demonstrate that this condition is not exact.
In section V, we discuss the character of the gradient ex-
pansion for the hole, and suggest why a real space cutoff
procedure is necessary to make it converge.

II. EXACT CONDITIONS SATISFIED BY THE
EXCHANGE-CORRELATION HOLE

We begin this section with some precise definitions which
explain the origin of the real space decomposition. We de-
fine the second order density matrix in terms of the wave
function

pa(ror'e’) = N(N—1) > /d3r3.../d3rN

T3, 0ON
2
x|¥(ro,x'o’,...,xnon)| , (7)
where ¥ is the many-body wave function. (Note that

this definition differs from that of Ref. [7] by a factor of
2.) This function has the probability interpretation that
p2(ro,r'c’) d3r d3r' is the probability of finding an electron
of spin ¢ in volume element d3r at r and another electron
of spin ¢’ in volume element d3r' at r'. We may define a
conditional probability density by

p2(ro,r’'c’) = ny(r) na(ro,r'c’), (8)

so that na(ro,r'c’) d3r is the probability of finding an
electron of spin o’ in volume element d3r' at 1/, given that
there is an electron of spin ¢ in volume element d3r at
r. The (unaveraged) spin-decomposed exchange-correlation
hole around an electron of spin o at r is then defined by the
relation

77,2(1‘0', I‘/O'/) = Ngy! (I‘/) + 'Ilwc(I‘O', r/UI)a (9)

while the non-spin decomposed hole is defined as

nxc(r: I‘/) = E nno((l‘r)) nxc(I‘O', r/UI)a (10)

o0’

so that it is related to the spin-summed second order density
matrix by

pa(r,x') = sz(ra, r'o’) = n(r) [n(r/) + ng(r, 1")] .

(11)

Figure 1 is a plot of the exact hole of Eq. (10) (and its
LSD approximation) for Hooke's atom, which consists of
two electrons bound to a nuclear center with springs of force
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FIG. 1. Exchange-correlation hole around an electron at
the origin of Hooke’s atom.

constant k. The figure is plotted for £ = 1/4, A = 1, and
r=0.

Another useful concept is the pair distribution function,
defined as [8]

g(ro,v'c’) = pa(ro,x’a’)/[n,(x)n, (r')]. (12)

The exchange-correlation hole may be written in terms of
the pair distribution as

nge(ro,1'c’) = nyi(v') [g(ro,r'e’) —1]. (13)

By use of the Hellmann-Feynman theorem, we may now
write the exchange-correlation energy as the electrostatic
interaction between the density and the hole, averaged over
coupling constant [7], i.e.,

Ey.= %/d?’r n(r)/d?’u w, (14)
u

where

1
nge(r, ') :/ dA ngea(r,1'), (15)
0

and nxc)\(r,r’) is the exchange-correlation hole for a sys-
tem with a Coulomb repulsion of strength Ae? and external
potential v, »(r), chosen to keep the density equal to the
exact density [9]. Thus, if (...) denotes a system-average,
ie.,

(Rge(n)) = %/d?’r n(r) ng.(r,r+ u). (16)

then the real space decomposition of £, of Eq. (5) is given
by

Feclw) = 3 (Ree(w) T (17)

This real space analysis is complemented by a Fourier
transform decomposition [10] of Eq. (5). If we write

nge(r, k) = /d?’u nge(r,r +u)exp(—ik - u), (18)

then, from Eq. (5), we have

d3k
with
Eea(k) = 5 1 ee(R). (20)

where (nz.(k)) is the Fourier transform of the real space
system-averaged hole (ng.(u)). This momentum space hole
is simply related to the static structure factor of the system,

as [10]
S(k) = 1+ (nz.(k)), (21)

which can be easily related to quantities more common in
many-body diagrammatic treatments, such as the dynamic
susceptibility [10].

Equations (18)-(20) decompose E,. into contributions
from density fluctuations of various wave vectors k with
wavelengths 27/|k|. The relation between this Fourier de-
composition and the real space analysis is straightforward.
The large distance behavior of the hole is determined by the
small wave vector behavior of the structure factor. For the
uniform gas, the structure factor is quadratic in k& for small
values of k, which means that the total hole decays as 1/u5.
Note that both the exchange and correlation holes each sep-
arately decay only as 1/u*, but that these long tails cancel,
yielding a more rapid decay of the total. This cancellation
probably also occurs in finite inhomogeneous systems. Sim-
ilarly, the short distance behavior in real space, especially
the cusp at zero separation in Fig. 1, determines the large
wave vector behavior of S(k) [11].

We can further decompose the hole into exchange and
correlation contributions:

nge(ro,v'o’) = ny(ro,v'c’) + n.(ro,x'c’). (22)

By exchange, we mean the density functional definition of
exchange, in which the wave function is a Slater determinant
whose density is the exact density of the interacting system,
and which minimizes the energy of the non-interacting sys-
tem in the Kohn-Sham external potential, vy x=0. We also
write

g(ro,v'0’) = gu(vo,x'c’) + g.(ro,x'o’), (23)

where



ng(ro,v'c’) = ny(r) [gx(ra, r'o’) — 1], (24)
and
ne(ro,r'c’) = nyi (x') g.(ro,x'o’). (25)

We may now list some of the simple physical conditions
that the exact exchange-correlation hole satisfies. The ex-
change (or Fermi) hole is the hole due to the Pauli exclusion
principle, and obeys the exact conditions:

ng(ro,r'c’) <0, (26)

and
/d?’r’ ng(ro,r'c’) = 6,4 (27)
The correlation hole obeys

/d3r' n.(ro,r'o’) =0, (28)

so that electrons of both spins are Coulombically repelled
from the electron of spin ¢ at r, but accumulate in a bump
at a finite distance away. The exchange conditions may
be deduced from the fact that the non-interacting wave
function is a Slater determinant, while the integral condition
on the correlation hole comes from the normalization of the
second order density matrix. The symmetry in the definition
of the second order density matrix, Eq. (11), also implies
symmetry conditions on the contributions to the hole:

ny(r) ng(ro,v'c’) = ny(x') ny(x'e’, ro) (29)
and
ny(r) ne(ro,v'c’) = ny(v') ne(x'e’, ro). (30)

The spin decomposition of the hole of Fig. 1 is shown in
Figs. 3-5 of Ref. [12].

Another more subtle condition is the electron-electron
cusp condition. As two electrons approach each other, their
Coulomb interaction dominates, and this leads to a cusp in
the exchange-correlation hole at zero separation [13]. It is
most simply expressed in terms of the pair distribution func-
tion. We define its spherically-averaged derivative at zero
separation as

0
47

_0/& g(r,r+u), (31)

where

g(r, I‘/) _ E nna((:)) 7;;0((1.1;/)) g(ro, I,/0,/)’ (32)

and the cusp condition is then [14]

g'(r,r) =g(r,1). (33)

One can clearly see the cusp in the exchange-correlation
hole of Fig. 1. However, we may decompose this relation
further. In fact, the cusp only occurs for antiparallel spins,
as, by the exclusion principle, two parallel spins cannot have
zero separation. Furthermore, the non-vanishing derivative
is a pure correlation effect, as the exchange hole is the hole
of a non-interacting system, which has no cusp. Thus we
can write

gy (ro,ra’) =0, (34)
and
gi(ro,va’) = (1 — 6s01) g(ro,ra’). (35)

The electron-electron cusp condition is not obeyed by
some popular approximations, e.g., the random phase
approximation [15,11]. We have recently shown, with Juan
Carlos Angulo, that a possible extension of Eq. 33 in the
form of an inequality applying to all interelectronic separa-
tions is not a universal condition [16].

What is the point of decomposing the exchange-
correlation energy in all these different ways? We will
show how these decompositions guide our intuition in
the construction of approximate functionals. Clearly, any
approximation which works well for both the exchange and
correlation contributions to ng.(ro,r'c’) at all points r and
r’ for all spin combinations & and ¢’ will yield a good
approximation to F,.. However, such an approximation
is still far beyond our present capabilities, and, moreover,
is not necessary. We only require a good approximation to
E,. itself, in order to do calculations. On the other hand,
by applying these decompositions to our approximations, we
discover their limitations, i.e., which exact conditions they
fail to satisfy, and so we can, occasionally, fix them.

Historically, the most common decomposition has been

Erc[n] = Eg[n] + Ec[n]. (36)

By studying how the separate exchange and correlation con-
tributions scale when the density is scaled, Levy, Perdew,
and co-workers [17-19] have found many important exact
conditions which each contribution must satisfy.

The next decomposition in the hierarchy is the real space
analysis discussed in the introduction, which is based on
the system averaged exchange-correlation hole. We may
perform the spin- and system-average of Eqs. (26) - (30).
For Egs. (26)-(28), this involves performing the spin average
of Eq. (10), and then taking an integral over all r, keeping
u =r’ — r fixed, to yield

(ng(w)) <0, (37)
/d?’u (ng(u)) = —1, (38)

(w))
d®u (n.(u)) =0, (39)



To do this for the symmetry conditions of Eqs. (29)-(30),
we simply perform a spin sum over both indices, perform
the integral over all r, keeping u = r’ — r fixed, and, on
the right-hand side, make a change of variables from r to
r —u, to find

(nz(u)) = (nz(—u)) (40)

and

(ng(0)) = (nz(—u))
Equations (37)-(39) are very important conditions on the
system-averaged hole, which we use throughout the rest of
this paper. The symmetry conditions of Eqs. (40) -(41) be-
come tautologies when spherically-averaged, indicating that
the symmetry conditions on the second order matrix lead
to no restrictions on the system- and spherically-averaged
holes. The cusp condition on the pair distribution function
of Eq. (33) may also be system-averaged, to yield the cusp
condition on the system-averaged hole at zero separation

(n5c(0)) = (nzc(0)) + % / d3r n?(r).

Again, the exchange contribution has no cusp, so that we

find

(41)

(42)

1
(ne(0)) = (ne(0) + 537 [ &r n*(x),
for the cusp condition on the system-averaged correlation
hole.

At the next level down, we may go back and study the
spin decomposition of these conditions. Equations (37) -
(39) become simply the system-average of Egs. (26)-(28).
The symmetry conditions now becomes slightly less trivial,
and imply

(43)

(44)

(ne(o0’,u)) = (na(0'o, —u))
and

(45)

(ne(oo’ u)) = (ne(c'o, —u)).

These conditions are satisfied by any approximation that
retains the symmetry of the pair distribution function under
interchange of spins in the antiparallel contribution, i.e.,

(46)

g(ro,v'd’) = g(x'0’ ro),

a condition which is trivially obeyed by LSD. Also, the cusp
at zero separation in (n.(u)) contains only contributions
from antiparallel spins.

Lastly, we mention the coupling-constant average. With
the generalization, given later, of Eq. (33) to arbitrary A,
each of the above conditions applies for every value of A
separately, and so to all quantities averaged over A. We
will show in section IV that some quantities may be simply
related only after undoing the X integration.

In the next section, we discuss how LSD satisfies all con-
ditions mentioned in this hierarchy, while in section V, we
show how use of the hierarchy has led to systematic im-
provement on LSD.

III. LOCAL SPIN DENSITY APPROXIMATION

The LSD approximation to E. is defined as
EEP ] = [ () o (@), m), (47

where €, (n1(r),n(r)) is the exchange-correlation energy
per particle of a uniform electron gas (jellium). This func-
tion is now well-known from Monte Carlo data [20,21], and
has been accurately fitted to analytic forms [22,23]. LSD
is thus a first-principles approximation, in the sense that no
parameter is fitted empirically to better solutions or exper-
imental values for other systems. It is exact for a uniform
system, and a good approximation for slowly-varying sys-
tems. Furthermore, it has also been found to provide mod-
erate accuracy for a large variety of systems in which the
density varies rapidly, and which are therefore beyond the
obvious range of validity.

In terms of the exchange-correlation hole, we may write
the LSD approximation as

LSD
Tc

ng”(ro,r+uc') = n{cecn(nT(r), ny(r);o0’ u), (48)
where nii”(nT,nl;UU',u) is the spin-decomposed hole of
the uniform electron gas (jellium) with spin densities n{ and
n, at separation u from the electron. Eq. (48)is expected to
be most accurate for small u; see Fig. 1 and subsection IV.
If this approximation for the hole is inserted in Eqs. (5) and
(17), one recovers Eq. (47) above.

We have also calculated the LSD approximation to the
exchange-correlation hole in Hooke's atom, as shown in
Fig. 1. These plots were made using a parameterization
of the Monte Carlo data [24] for the electron gas hole.
We point out that LSD works atypically well here, be-
cause the density has zero gradient at » = 0 in Hooke's
atom. Furthermore, it has been shown (at least for the ex-
change piece) that the off-center (i.e. r # 0) hole at a
given point in space, can be very poorly approximated by
the LSD expression above [25]. However, since, as dis-
cussed in section |l, the exchange-correlation energy de-
pends only on the system-averaged, spherically-averaged,
and spin-summed hole, LSD can and does still work well
for the complete exchange-correlation energy. LSD has also
been criticized for not satisfying the symmetry requirement

g(r,v") = g(x',1) (49)
on a point-by-point basis (pg. 191 of Ref. [7]). However,
as noted in section |l, the system-average of this condition,
even spin-decomposed, as in Eqs. (44) and (45), is obeyed
by LSD.

We believe that much of the huge success of the LSD
approximation may be attributed [26] to the fact that it
obeys many of the exact relations known to be obeyed in
non-uniform systems. It obeys these relations because the



LSD approximation to the hole given in Eq. (48) above rep-
resents the hole of a physical system, the spin-polarized uni-
form gas, and therefore obeys all exact universal relations as
they apply to that system. For example, LSD satisfies all the
system-averaged relations discussed in section Il. Clearly,
any improvement on LSD should at least satisfy these same
conditions.

We note a very important point in density functional the-
ory and the construction of approximate functionals. It is
the hole itself which can be well-approximated by, e.g., a lo-
cal approximation. This is because it is the hole which obeys
the exact conditions we have been discussing. To illustrate
this point, Fig. 2 is a plot of the pair distribution function
around the origin in Hooke's atom, both exactly and within
LSD. We see that the two functions are quite different. In
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FIG. 2. Pair distribution function around an electron at
the origin of Hooke’s atom.

particular, the exact pair distribution function has not satu-
rated even far from the center. The corresponding holes of
Fig. 1, on the other hand, are much more similar.

This result illustrates a difficulty inherent in the weighted
density approximation (WDA) [27,28]. That approximation,
extended to include both exchange and correlation, may be
written, for the unpolarized case, as

nge(r,r +u) = n(r + u) [gjen(ﬁ(r); u) — 1] (50)
where gjen(n; u) is the unpolarized pair distribution function
of jellium of density n, and 7i(r) is the weighted density,
chosen to satisfy the spin sum of the integral conditions,
Eqgs. (27) and (28). The difficulty posed by Fig. 2 for this
approximation is that it demonstrates that the exact pair
distribution function is not similar to gjen(n; u) for any value
of n. Thus no prescription for the choice of ii(r) is likely
to produce a very realistic approximation. Furthermore, any

n(r) significantly different from n(r) is apt to give a poor
result for n;(r,r), as discussed further in section IV.

To be fair, there are several well-known exact conditions
that LSD does not get right: unlike WDA, it is not self-
interaction free [29], v£ 2 (r) does not have the correct
—1/r behavior at large r for finite systems [30], it does
not contain the integer discontinuity [31-33], etc. These
shortcomings may be overcome by other improvements [34],

but not by the gradient corrections discussed in section V.

IV. IS LSD EXACT “LOCALLY”?

LSD treats the exchange-correlation hole around a point
r, ngo(r,r + u), as if the surrounding electronic distribu-
tion were uniform, as expressed by Eq. (48). The gradient
expansion adds corrections to this based on the gradient of
the density at the point r. Clearly such a procedure will be
worst for large values of u, where the density can be very
different from that at r, and work best for small values of u.
Close inspection of Fig. 1 shows that indeed the LSD hole
is either identical or very close to the exact hole as u — 0.
Furthermore, this is not an artifact of the fact that the
Vn(r) vanishes at » = 0 in Hooke's atom. Figure 3 shows
that this is the case throughout the entire Hooke's atom
with & = 1/4, which includes regions of large density gra-
dients. We also show results for these quantities in the He
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FIG. 3. Zero separation exchange and exchange-correlation
holes at full coupling constant A = 1 throughout the & =1/4
Hooke’s atom.

atom, from Slamet and Sahni [35], in Table |, which show a
similar agreement, except near the origin, where the density
itself has a cusp. In this section, we explore just how good
LSD is for the system-averaged exchange-correlation hole as

u — 0, i.e., “locally”, in the neighborhood of the electron



TABLE 1. Zero separation exchange-correlation hole den-
sity nac(r.r) at the position r of an electron in the He atom,
at full coupling constant A = 1, from the 39 parameter corre-
lated wave function of Kinoshita.

T ro(r) nz(r,r) nze(r,r) nLsP (r,7)
0 0.404 -1.8104 -2.6035 -2.2319
0.2 0.525 -0.8263 -1.1682 -1.0600
0.5662 0.823 -0.2145 -0.3099 -0.3033
0.8 1.076 -0.0957 -0.1442 -0.1436
1.5 2.275 -0.0101 -0.0175 -0.0177

at u = 0. (Because the on-top hole density n,.(r,r) is not
precisely known for the uniform electron gas, Fig. 3 by itself
does not rule out the possibility that LSD is exact locally.)

Almost twenty years ago, this question was addressed
from a different perspective in a series of papers by Langreth
and Perdew [10,9,36-38]. In these papers, Langreth and
Perdew studied the Fourier decomposition of the exchange-
correlation hole, as given in Eq. (20). They gave two argu-
ments in favor of what we call the short wavelength hypoth-
esis, namely that LSD is exact for short wavelengths (i.e.,
large k) for all inhomogeneous electronic systems. This idea
has considerable intuitive appeal, as, by Fourier transform-
ing back to real space, it implies that LSD is exact “locally”
[11]. In fact, this hypothesis has since passed into the liter-
ature as one of the reasons for the success of LSD [7,8], and
the LSD behavior for large wave vectors (or small interelec-
tronic distances) has been incorporated in the LM, PW86,
and PW91 GGA's.

The first argument was based on the result of a second or-
der (in €?) calculation of E,.(k) for a spin-unpolarized sur-

face. Langreth and Perdew found that, for large £, E,(czc)(k)
is explicitly a local functional of the density, where the su-
perscript indicates the number of powers of e? retained.
Then, since the Coulomb interaction is 47re2/k2 in momen-
tum space, they argued that all higher powers would be
vanishingly small for large k, and so the short wavelength
hypothesis would be valid in general. Rasolt also proved the
short wavelength hypothesis through second order in e? for
an electron gas in the presence of a small inhomogeneity,
but asserted that higher order terms in e? should also con-
tribute in this limit, which might invalidate the hypothesis
[39]. The second argument of Langreth and Perdew came
from the density functional version of the random phase
approximation [36,37]. Within that scheme, they found that
for any spin-unpolarized system, the leading gradient cor-
rections to EL5P(k) became vanishingly small as k£ — co.

With David Langreth, we have recently studied this short
wavelength hypothesis in considerable detail [11]. While
the short wavelength hypothesis is correct for several limit-
ing regimes and for certain approximate treatments of the
inhomogeneous gas, the short wavelength hypothesis is not
exact in general. A definitive counter-example is provided
by the high-density limit of Hooke's atom, where the spring

constant £ — oo, and where

(oc(u=0)) = 5 [ @ n’(x) [1 + 2w+ 0],
(51)
with
rs(r) = [4mn(r)/3]" /3. (52)

The exact value of « is about 5% bigger than the precisely-
known LSD value. (Of course, Hooke's atom, with its large
reduced density gradients and its lack of a continuous spec-
trum, represents a severe test for LSD.)

Even if the short wavelength hypothesis were correct, it
would not provide a strong explanation for the success of
LSD, because the k~° tail of the exchange-correlation en-
ergy is a small part of the total. However, specific examples
all suggest that the short wavelength hypothesis is approx-
imately true numerically [11]. Away from the high-density,
low-density, and fully spin-polarized limits, the reasons for
the approximate validity of the short wavelength hypothe-
sis remain, at best, intuitive, but this limited validity does
help to justify generalized gradient approximations which
revert to LSD for short wavelengths or small interelectronic
separations. This justification might best proceed via an ex-
tension [40] of the real-space argument of Harris [41], who
also used the fact that the LSD exchange hole is exact at
zero separation to explain the success of LSD for exchange.

V. GENERALIZED GRADIENT
APPROXIMATIONS

An obvious way to improve on LSD is to allow the
exchange-correlation energy per particle to depend not only
on the (spin) density at the point r, but also on the (spin)
density gradients. This generalizes Eq. (47) to the form

B ] = [ &r f(m(x),mi(w), Vg, Tny) - (53)

where the function f is chosen by some set of criteria. Such
approximations are called generalized gradient approxima-
tions (GGA's) and a variety of different forms for the func-
tion f have been suggested and applied in the literature. In
this section, we show that there is a well-defined nonempir-
ical procedure for producing a (more or less) unique GGA,
and higher order refinements.

A simple and appealing suggestion for improving on LSD
was given by Kohn and Sham [6], and is called the gradi-
ent expansion approximation (GEA). Consider LSD as the
first term in a Taylor series for Ey.[ny,n|] about the uni-
form density, and add in the next corrections. The first
corrections to LSD are in principle straightforward to cal-
culate, and the addition of these leading corrections to the
exchange-correlation energy functional produces the GEA:
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where the coefficients Cy ,/(ny,n)), which are slowly-
varying functions of the density, have been calculated by
Rasolt and collaborators [42,43]. Unfortunately, while the
gradient correction is an improvement over LSD for slowly-
varying systems, it typically worsens results on real elec-
tronic systems, which contain regions of rapidly varying den-
sity. We claim that a principal reason for this failure is the
fact that the exchange-correlation hole associated with the
GEA above is not the hole of any physical system, and so
it disobeys many of the exact conditions discussed in the
previous section. In particular, it violates [37,44] even the
negativity constraint of Eq. (26), and the sum rules Egs.
(27-28).

To understand why this occurs, we must look at the na-
ture of the gradient expansion more closely. The first prin-
ciples density-gradient expansion of the system-averaged
exchange-correlation hole,

(nge(u)) = %/d?’r n(r) ng.(r,r+u), (55)

is known [45,46] only to second order in V, and consitutes
an input into PW91. The exchange hole ng(r,r 4+ u) is
known [47] to third order in V. The non-interacting ki-
netic energy, constructed [48] from the Taylor expansion of
ng(r,r 4+ u) to second order in u, is known [49] to sixth
order in V. Based on this limited knowledge, the gradient
expansion seems to have the following character [47]: In a
system of slowly-varying electron density n(r), the addition
of each successive term of higher order in V improves the
description of the hole close to its electron (small u), but
worsens the description of the hole far away (large u). In
such a system, the kinetic energy has a rapidly-convergent
gradient expansion. The exchange-correlation energy of Eq.
(17) would also have a rapidly convergent gradient expan-
sion if the electron-electron interaction were short ranged,
but the Coulomb interaction, 1/u, foils this expectation.

An example where the gradient expansion appears to con-
verge because of the short range character of a functional
is provided by the noninteracting kinetic energy Ti[ng, ny],
the first term on the right of Eq. (4). Because of the great
importance and simplicity of this term, it is treated exactly
in the Kohn-Sham scheme of section |. However, if one
approximates this term by a semilocal functional, one finds
that its GEA is its own GGA [50].

If we define a set of reduced density derivatives, such as
s = |Vn|/(2kpn), (56)
or

t = |Vn|/(2ksn), (57)

where k, = (4kp/7)'/? is the Thomas screening length, or
VZn/[(2kr)*n], etc., we may imagine a system in which all
such reduced derivatives are well bounded. A bulk solid is a
realistic example of such a system, apart from the cusps in
the electron density, which may be removed by pseudopo-
tential theory. Even in such a system, we should not expect
that the gradient expansion for ;. converges as terms of
higher order in V are added, although we know it gives the
right asymptotic expansion in the limit where all reduced
density derivatives are small. However, in each order we
may construct a generalized gradient expansion by cutting
off the spurious large u contributions to n;. in a way that
respects Eqs. (26)-(28). We have no reason to doubt that
this sequence will converge.

The construction of such a GGA has a long history, span-
ning much of the first thirty years of density functional the-
ory. Early work going beyond the GEA was already ini-
tiated by Ma and Brueckner [51] in 1968, and was later
further pursued by Langreth and co-workers [52,53]. The
most popular functional to come out of this work is the
Langreth-Mehl (LM) [52]. This functional was constructed
from a wave vector analysis [37] of Ey.(k) within the ran-
dom phase approximation (RPA). Essentially, the full GEA
for exchange was retained, while the spurious small k con-
tribution to the gradient term in the correlation energy was
replaced by zero for k < f|Vn|/n, where the cutoff param-
eter f = 0.15 was adjusted to provide an overall fit to the
correlation energies of atoms and metal surfaces; f =~ 1/6
had been expected on theoretical grounds. Thus LM uses a
cutoff in wave vector space, as opposed to real space. Un-
fortunately, since this functional was constructed using RPA
inputs, it does not even recover the uniform gas limit cor-
rectly. The Perdew 86 correlation energy functional [54] was
constructed similarly, although using beyond-RPA inputs.

The PW86 exchange energy functional [55] may be con-
sidered as the construction for the second term in the cut-off
expansion for exchange. One starts from the second-order
gradient expansion for the exchange hole, then eliminates
spurious large u contributions via sharp real-space cutoffs
designed to restore the exact conditions, Eqs. (26-27). The
result is a numerically defined GGA which is then fitted to an
analytic form; this real-space cutoff procedure is free from
semi-empirical parameters. A later modification of PW86
was based on the introduction of the Becke functional for
exchange [56]. This functional was designed to recover the
correct asymptotic behavior of the exchange energy density
as r — oo in finite systems. It contained a single adjustable
parameter, which was fitted to achieve minimum error for
a large number of atoms. Both qualitatively and quantita-
tively, B88 and PW86 are very similar, although B88 does
not reduce to the correct GEA for slowly-varying densities.
The real-space cutoff of the gradient expansion for the ex-
change hole thus justifies Becke's exchange functional. The
PW91 exchange functional makes some further refinements,
ensuring the satisfaction of several more known exact con-
ditions [12].



The PW91 correlation functional is the result of the real
space cutoff procedure applied to the GEA correlation hole.
Although the cutoff procedure is simpler for the correlation
hole, as there is no equivalent of Eq. (26) for correlation,
the GEA inputs are only approximately known, and more
difficult to model. Once again, this produces a numerically
defined functional, which was subsequently fit to the PW91
analytic form [45,46]. This functional satisfies several scal-
ing conditions that it was not designed to satisfy, producing
further evidence for the correctness of the real space cutoff
procedure. Numerous tests [12] and formal considerations
[67] suggest that PWO1 represents the best systematic im-
provement on LSD currently available.

VI. CONCLUSIONS AND PROSPECTS

We have shown how the decomposition of E,. in a se-
ries of different ways (exchange and correlation, real space
analysis, spin decomposition, undoing the coupling constant
average) leads to further insight into the nature of approx-
imate functionals and, ultimately, how to improve them.
This process demonstrates how robust LSD is. It also high-
lights the failures of GEA, and, finally, shows how to cure
those failures by a simple real space cutoff procedure. This
produces a uniquely-defined nonempirical GGA, the PW91
functional.

This process also suggests where to look for improve-
ments beyond PW91. We have seen how these local and
semilocal approximations work best (but not perfectly) for
the part of the hole close to the electron, and do worst
far away. Their worst excesses at large distances are cured
by the cutoff procedure, but probably the resulting func-
tional is least accurate at large distances. This will be more
important for parallel spins, whose net contribution to the
energy is greater at these larger distances. The next step
toward greater accuracy in density functional theory may
well therefore come from the construction of “hybrid” func-
tionals [58]: functionals which employ a local or semilocal
approximation at small separations, but some more accu-
rate form (e.g., the random phase approximation) at large
distances.

We are currently pursuing several projects along these
lines. He and Perdew [59] are improving the spin decom-
position of the jellium hole, to include both the higher or-
der cusps at zero separation exactly, and the recent Monte
Carlo results. We are also writing an article with Wang
[46] which shows the detailed construction of PW91 using
the real space cutoff procedure, including the most up-to-
date model for the exchange-correlation hole of the uni-
form electron gas, while with Taut [60], we are studying
the Hooke's atom in further detail, and will calculate the
system-averaged holes discussed in this paper exactly, in
LSD, and using the GGA hole of PW91. In such a finite
system, the exact exchange-correlation hole cannot be long-
ranged, since it is cut off by the exponential decay of the

electron density into the vacuum in all three dimensions, so
GGA is almost-always superior to LSD. But in large systems
(bulk solids, surfaces), the exact hole can have a long-range
tail. For example, the hole falls off like u~> in the bulk
of jellium, and like «~* around an electron at the jellium
surface. By missing this tail, GGA may underestimate the
positive exchange-correlation contribution o, to the sur-
face energy. Since this tail can be calculated exactly, we
are currently working on just such a "hybrid" [61], which
should improve the GGA for this special case. The results
of this work currently in progress should make clear where,
in real space, the next improvements are needed.
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