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Unambiguous exchange-correlation energy density

Kieron Burke,® Federico G. Cruz, and Kin-Chung Lam
Department of Chemistry, Rutgers University, 315 Penn Street, Camden, New Jersey 08102

(Received 23 February 1998; accepted 12 August 1998

An exact exchange-correlation energy density is constructed using only knowledge of the density
dependence of the exchange-correlation energy functidhal, The energy density does not
depend on the choice of origin, and allows direct comparison between any functional approximation
and the exact quantity. The asymptotic behavior of this energy density contains the exact ionization
potential. The relative performance of approximation energy functionals is reflected in this energy
density, i.e., the local approximation is moderately accurate, generalized gradient approximations
work better, while hybrids with exact exchange work best. The intershell spike in atoms is
highlighted in this energy density. The energy density can also be calculated for solids, and has
implications for many areas of density-functional theory. 1898 American Institute of Physics.
[S0021-960698)30243-3

I. INTRODUCTION the corresponding energy density will give a map of the sys-
) ) i i . . tem, which would show where the significant contributions
_ Density-functional theory is rapidly gaining popularity {, the energy density are coming from. In particular, an
in quantum chemistryas a relatively inexpensive yet accu- exchange-correlation energy density could show which re-
rate method for finding ground-state energies of electrons;inns in space contribute to certain physical properties. In
Modern algorithms allow treatment of biologically interest- ¢,y a1ent bonds, left—right correlation affects bond energies,
ing molecules with near chemical accurdc¥he only ap- g its effect can be seen in the bonding redfoRecently,
proximation made in practical ground-state density funC-qqrect treatment of core-valence effects has been identified

tional calculations is to the exchange-correlation energy as gq important for obtaining accurate enerdfeand may arise
functional of the electron density, often written in the form ., the intershell region. Contributions to ionization poten-

5 tials should arise from the valence region, etc.
Exc[P]:f d°rexclp](r). () To understand why previous constructions rizt meet

) ] the above criteria, consider the following definition of an
where ey p](r) is called the exchange-correlation energy energy density:

density. Note that the energy density is ambiguous, as one
can always add any quantity whose integral over all space wave fn _J 3y P(r.r’)—p()p(r’)

e (r)y=| d°r
vanishes(e.g., CV2p, whereC is a constant Within the Xe 2lr—r’|
local density approximatio(LDA ), the conventional form is 1
e%f[p(r)], the exchange-correlation energy density of a uni- + > V2 pr,r" )= ys(r,r )=, (2
form gas>* while a generalized gradient approximation
(GGA) includes a gradient dependene&SA(p,Vp). Popu- whereP(r,r’) is the pair densityor diagonal second-order
lar GGA’s are Becke-Lee-Yang-PafBLYP)® and Perdew- reduced density matrandy(r,r") is the first-order density
Burke-Ernzerhof (PBE® (and its predecessdd.  matrix, with ys being its Kohn—Sham counterpaftVe use
Hybrids"1® of GGA with exact exchange may be written atomic units, in whiche?=#%=my=1, throughout this pa-
eP=a(ex— eSS +eSS”, wherea is a universal constant, Pep. Integration over all space of EQ) yields
typically about 25%. Exc=Vee—U+T-Tsg, 3

There has long been a desire to make comparisons b(\:7'\7herevee is the interelectronic repulsiorty is the Hartree

tween exact and approximate energy densities: But to mak nergy,T is the physical kinetic energy, and is the non-
such a comparison meaningful, it must be p055|bl_e to extraci teracting(Kohn—Sham kinetic energy. This definition has
the same quantity from both the exact and approximate the Jeen used to great effect by Baerends, Gritsenko, and co-

ries. Such a definition would h_ave two_prmmpal uses'_F'rStly’workers, in density-functional studies of chemical
for the development of density functionals, comparison of - 11.13-15 wave fn
. . ; N bonding-™ To constructeyz~ "(r), they perform an
the exact quantity with functional approximations for model ' L h .
. : . accurate configuration interactid¢fl) wave-function calcu-
systems should tell which regions of space and which fea;

. . . . ation, from which they can extracb(r), P(r,r’), and
tures require most effort to improve in the approximate func- y cb(r) (r.r')

) (r,r'). They also construct the Kohn—Sham potential cor-
tionals. Secondly, for much larger systems, at the level Ofyesponding to this density, producing highly accurate

accuracy at which a given energy functional can be be“eved;(ohn—Sham orbitals, from which they find . Other groups
have adopted the same definittthand also studied =T
3Electronic mail: kieron@crab.rutgers.edu —Tg, the kinetic contribution to the correlation energy, de-
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fined in this way'® These exact energy densities have beerwhere

calculated for small atoms, and homogeneous and inhomo- 1d ,

geneous diatomic moleculé$®1°A slightly different form TJXC[P](r):I halt4 vl p ]<_)_ ®)
occurs if one begins from the adiabatic connection formila, oY "y

which subsumes the kinetic correlation contribution into aye call 7 the hypercorrelated potenti#isince it includes
coupling-constant integration over the potential contributiony< 1, where the system is more correlated tharyatl, the
, 1 P, (r,r")—p(r)p(r) physical value. This result was derived earlier in different
ei‘{{a(r):f d)\f d3r’ Ar—r] . (4 form by van Leeuwen and Baerentfsand requires that the
0 exchange-correlation energy vanishyat 0, which has been
This is used in the work of Perdew and co-workéend has  proven®
been calculated for bulk Si by Hoaet al?? While the virial energy density of E(7) is solely de-
The difficulty arises if one wishes to compare these entermined by the density dependenceksf[n], and there-

ergy densities with the conventional ones for approximatdore, allows comparison between approximate and exact
LDA

functionals, such agi\(r),e$SA(r),eX(r), because the quantities, it has several unappealing features.
conventional ones arenot typically approximations to Firstly, the virial energy density depends on the choice

eva®Mry in Eq. (2), nor is there any reason to expect thatof origin in Eq. (1). When the origin is shifted, the virial

they should be[A possible exception to this is the energy energy density changes shape. In applications to molecules, a
density of Becke88 exchange, which was designed to reprdarge antisymmetric peak appears around nuclei off the ori-
duce the exchange limit of Eq2) at large distances from gin, whose physical significance is unclear, as its net contri-
finite systemd. The conventional forms are simply conve- bution to the exchange-correlation energy is almost Fero.
nient representations of the approximate functionals, and can Secondly, it has a perverse form when applied to ex-
be changed by an integration by parts. For example, théended systems. The factoincreases without bound as one
original LYP correlatioR® functional contained the Laplac- traverses a solid, i.e., the virial energy density of Ef).is
ian of the density, but this was removed by an integration bynot a periodic function of, even wherp(r) andvy(r) are.
parts to give a simpler form in terms of the gradient aléhe. This leads to an energy density which becomes extremely
These integrations do not alter the resulting energy funclarge at one side of the solid.
tional, but can dramatically alter the energy density, as the  Thirdly, within LDA, 2%g(r)=[3dyvkal v*p(r)1/y,
Laplaci?sn is very sensitive to interesting features in thewhereviu(p)=delu(p)/dp, so that
density=> The essential point is that approximations are ~LDA, . _ _ unif
made to the integrated exchange-correlagnergy and gen- p(NVuxe ' (r)=uvxe(p)Vpl3, C)
erally do not imply that the conventional energy density is aryielding a gradient-dependent LDA virial energy density.
approximation to any specific choice of exact energy densityThus in application to a jellium sphere, all the energy density
This point is made strongly in the work of Perdew and co-would lie on the surface, even within LDA! Clearly, energy
workers, who argue that in constructing GGA’s, only the densities with these deficiencies defy simple physical inter-
system-averageexchange-correlation hole is approximated, pretation.
not its value at each.?®?’ Specifically, the gradient expan-
sion for exchange produces a Laplacian contribution to the
energy _den5|ty wh_lch _dlverges for a Coglomblc mterelectron& Helmholtz construction
interaction(but which integrates to zerd

In their original work on the virial theorem, Levy and
Perdevt® showed how Eq(9) recovers the usual LDA en-
ergy density, by using
A. Virial energy densities d eunif

unif XC unif

Vexc(P):WVP:vchP- (10

Il. CONSTRUCTION OF ENERGY DENSITY

To define energy densities which aumiquely deter-
mined by the corresponding energy functional, we use the
virial theorent® Thus

EXC+TC:—Jd3rp(r)r.Vyxc(r), 5) Ei'%A=—%f d*r{r-vexglp(n]1}. (1D

wherevyo(r) = SExc/ p(r) is the exchange-correlation po- A SIMPIe integration by parts then yields

tential. This may be converted into an expression EQg .

alone, sinc&-*° E?%A:f d*reXdp(r)], (12)
Tclpl=—Eclpl+dEclp )/ dyl,y=1, (6)  the conventional form.

wherep,(r)=y3p(yr), Thus Eq.(5) may be rewritten with We generalize Eq11) to the exact exchange-correlation

Exlp,]+dEc[p,]/dy on the left, andvxc p,] On the right. ~ ENErgy functional. SinceVwyc defines a vector field over

Integrating overy, we find, aty=1 all space which vanishes rapidly at the boundary, the Helm-

vir ~ holtz theorem allows us to write it as a source plus curl
exc pl(r)=—p(r)r-Vuxc[pl(r) (7)  contribution:
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3p(r)Voye(r)=Ves2™r) + vV x a@™r). (13)  whereE(x) = [7dt exp(—xt)/t.
Integrating the unambiguous energy density of Bd)

Inserting this form into Eq(7) and integrating over all space, yields

one finds the curl term vanishes, and Kt). is recovered. B
Thusey&™{r) defined by Eq(13) is indeed an energy den- Eo__ 3 f d3r’f & V-[p(r)Voxc(r)]
sity. Choosing vanishing boundary conditions at infinity, we xc A [r—r’']

find

. (19

a form reminiscent of the adiabatic connection formula.
unamb -/ 3 3 V- [p(r)Voye(n)] However, there are several interesting differences. For ex-
exemr )= =g | dT r—r'| (14 ample, the integration along coupling-constdat equiva-
) , lently, scaling paramet&) runs from the physical system to
Equations(13) and (14) are the central results of this work. o strongly-correlate¢or low-density limi, the reverse of

The first is an implicit definition of our exchange-correlation i, \;sual case. This form may inspire new routes for inves-

energy density, while Eq(14) is its explicit solution. All tigating Exd[p]. For example, functional differentiation
results can be easily generalized to spin-density-functionglia|qs

theory. Note that the same procedure, applied directly to the

exchange-correlation potential, yieldghree timeg the (1) = i f d3rV~[vaC(r))
exchange-correlation pressure of Nagy and Fagq. (24) of xc Aar [r' —r|
Ref. 39. I

At this point, it is instructive to contrast the unambigu- _ i J d3rvi (r',r- J d3r” v'n(r”)
ous energy density with earlier choices. Both E@.and 4w X lr—r"]”
(4). require knowledge of the reduced density matrices for (19)

the system, whereas the the unambiguous energy density re- N N
quires only knowledge of the density dependence of the envhere  fxc(r,r)=duxc(r)/op(r’) is the exchange-

ergy functional, to first construct the exchange- correlation kernel. This equation may be applied to exchange
hypercorrelated potential of Ed8), and thus the energy alone, _aska test of modéfsfor fx(r.r'), when the exact
density in Eq.(14). Furthermore, in contrast to E¢Y), there UXC(VrJ 1S nowln. v the Helmhol . find
is no change of shape with origin. This is due to the integra-h el may ‘33]9 agpby tEe13e mholtz construction to fin
tion by parts in the derivation of E¢14), which removes the the curl term defined by Eq13)
explicit origin-dependence in Eq7). 3 Vp(r) X Voye(r

a;j{glmttr/):E f d3I’ %, (20)
I1l. PROPERTIES OF THE UNAMBIGUOUS ENERGY . . -
DENSITY which vanishes whenevérlp and Vuyc are parallel every-

where, such as in a spherically symmetric system.
Note that our requirements for an energy density still do
An immediate application of Eq14) is as a consistency not uniquely determineeyc(r). One could add, e.g.,
test between the energy and the potential in either exact N p(r)]1— vxe(r)} to Eq.(14), and still have an energy
approximate calculations, where it suffers none of the diffi-density determined solely by the density dependence of the
culties of the virial expression Eq7). This test should be energy functional, and reducing "M p(r)] in LDA.
very useful for exact exchange-only calculations, which are
now possible for atoms and molecuf®within the optimized g Approximate functionals
effective potential approachi,becauseEy can be extracted

A. Exact properties

directly from vy(r). Since the right-hand-side of E(L4) is given in terms of
When a system is spherically symmetric, Et) sim-  the (scaled potential and the densitgl2™r) is solely de-
plifies to termined by the density dependenceEyf [ p]. Thus, given

any approximatiore{®"f p], one can(fairly easily) deduce
(15) the corresponding approximad2™f p](r) via Egs.(8) and

(14). In particular, use of EQ.(9) shows thateyc(r)
Far from an atom, the density decay is exponential, and de-_’e;](nclf[p(r)] whenEyc— E>L<%A' Thus we exp_ecmg‘(’g[p(r)] )
termined by the ionization potential, so that tp be a moder_ately aCEcl)J/Ka-te' extremely reliable approxima-

tion to exc(r), just asEx¢ is to Exc. Furthermore, differ-

3p(r) ences betweerjya[ p(r)] and eX@™{r) will highlight the
2ar? ' 18 jimitations of LDA.
Note that a GGA energy functional depending only on

the density and its gradient at a point

"
i) =3 [ drp(n) S

e -

wherea=\2I and| is the ionization potential. For the hy-
drogen atom, we find

e Exe’= f deregeip(r),Vp(r)], (21)
.

3
e = — {2[E1(2r>— Eq(4)]+
when inserted into Eq(14), produces an unambiguous en-

ergy density which includes several higher order gradients.

Thus the unambiguous energy density differs from the con-

, (17)
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' TABLE I. Energy components in hartrees for several atoms, evaluated on
0 — exact densitiegRef. 46.
3 -0.2 \‘\ r’f’:——
g B // Energy Exact LSD PBE BLYP
= 04 K 7 exact ——
S, yy LDA —--——- He  Eyxc+Tc —1.030 -0.928 -1.017 —-1.035
-T- -0.6 N 2 PBE- - -- Ne  Eyc+Te  —12.15 -11.27 —12.09 -12.22
— 3 / Ne Exc -12.48  -11.76  —1240  -1251
—\g/ 08 4/ He atom
& ' ;
20 -1 \ Ky
=< [RY R/
W \ \ ) .. . . . .
T2 N sities. St_rlctly speaklng, the virial theorem_ applies only to
5 ‘4 self-consistent calculations. However, the difference between
0 02040608 1 12141618 2 the energy evaluated directly from the density and from the
-

virial theorem applied to that density are so small that it has
FIG. 1. Radial unambiguous exchange-correlation plus kinetic-correlatio0 €ffect on the digits reported in Table I. The small magni-
energy density for the He atofatomic unit3. tude of|[Ec+ T¢| reflects the insensitivify of E¢ to coordi-
nate scaling in Eq(6).

. . . . We note the general features of these curves. First, the
ventional one used for these functionals, as will be |Ilustrateq_DA curve is less negative than the exact curve for most
beloyv. One can also shpw that. there is no GGA whose UValues of r, reflecting its typical underestimate of the
ambiguous energy (_jensny as given by Efh) depends only exchange-correlation energy. Next, GGAere choosing
on tge denstl_ty ar&d Es gra?;]entBlat ke 88 h funct F|>BE as a representative exampdgnificantly improves on

S mentioned above, the becke exchange func Ion"’LDA, especially in the region of greatest weight, although
was customized to reproduce the exchange limit of(Egat

; - : still having a small error of changing sign.
large distances from finite systems. It is well-known that the g ging sig

) . AN Next we look in more detail. Figure 2 shows the error
resulting asymptotic potential IS incorrect. If, on th? Othermade by functional approximations to the unambiguous en-
hand, thepot_entlal had been fitted, then t_he u_namblguousergy density for He. All functionals demonstrate a cancella-
energy density would also be correct, T_h|s philosophy WaSion of errors in the integral, but this cancellation is poorest
followed by Engel and Voskd, SO that their exchange GGA for LDA, leading to a significantly greater error in the en-
rgproduces the correct unambiguous exchange energy deQr’gy. We note also that BLYP appears noticeably worse than
sity at large distances. . , PBE. This is due to the lack of kinetic correlation in BLYP,

These arguments apply e4q1ua_lly .to correlat|o_n. GGA Sso that there is less successful cancellation betwrén)
constructed to fit the potentfdI** will fit the unambiguous and —to(r). BLYP would probably outperform PBE in a
energy density as well. In this regard, fitting the unambigu'comparcison. okc(r) alone, just as it does for the integrated
ous energy density has the advantage of automatically fittin nergy(see Tabcle)L Finall3,/ note how hybridizing the GGA
the integrated energy. Note that questions concerning CONGith exact exchangén this, case. we chose a 25% mixture
stants in the potenti#=*° do not arise here, as Eql14) i

. . with PBE) significantly reduces the error in the unambiguous
depends only on the gradient of the potential. energy density.
V. CALCULATION E UNAMBI ENERGY The same overall features are found for Be and Ne.
DENCSITC\:(U ONS OF U GUOUS G However, these atoms also exhibit some shell structure,

which provides a much keener test of the energy density.
Figure 3 is analogous to Fig. 1, but zooms in on the shell
Exact calculation of the unambiguous energy density jStructure region in Ne. Here we see clearly the improvement
complicated by the need to scale the density to find the hny PBE over BLYP, and both over LDA.

percorrelated potential. This makes it difficult to compare
with the results of wave function calculations, which yield
vxc only at y=1. This problem may be side stepped, by
applying Eq.(14) directly to vy itself, yielding, from Eq.
(5)

A. Finite systems

3 V- [p(r)Vuygc(r
exgmMN +t* M= - — f d3r [p(|r)_r,)|(C( )],
(22)
which integrates tdEyc+ Tc. The kinetic contribution can Lo
be calculated from accurate wave functions, by constructing 3 0%p
the Kohn—Sham kinetic energy from the density, as dis- N§ 03 He atom
cussed above. In Fig. 1, we plot the radial unambiguous en- 035

] 0 05 1 15 2 25
ergy density forfEy-+ T for the He atom, both exactly and r

within several typicgl apprOXimations- A”_ calculations were gig. 2. Error in radial unambiguous exchange-correlation plus kinetic-
performed by applying approximate functionals to exact deneorrelation energy density for the He atgatomic units.
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A2 () + ()

Anr? A (Y1) 4 Quamb(r))

-0.1

FIG. 3. Radial unambiguous exchange-correlation plus kinetic-correlatiorFIG. 5. Error in radial unambiguous exchange-correlation plus kinetic-
energy density, for the Ne atofatomic unit3. correlation energy density, for the Ne atdatomic unit3.

To demonstrate that these qualitative effects also occuhe nycleud® decay too rapidly, and sometimes even appear
in ef¥™{r), we repeat Fig. 3, but plottingE™r), in Fig. 1o be upside down. However, contrast this figure with all the
4. We have also plotted the conventional GGA energy denpreceding figures. This comparison shows the importance of
sities, and see that these curves are far less effective in Sho‘élrudying guantities whose integral yields the energy, as that
ing the shell structure. The Helmholtz construction dependgnows which errors are significant. For example, constants in
on the Laplacian and higher-order gradients of the densityjhe potential do not contribute to the unambiguous energy
whereas the conventional definitions do not. density, smallr behavior is unimportant because of phase

Lastly, in Fig. 5, we show the outer electron region in gpace factors, while asymptotic behavior is unimportant be-
Ne. This figure shows how much the hybrid improves uponcayse of the density-weighting factdr*® Thus the potentials
the GGA in these chemically important regions. Interest-gf GGA’s are not as poor as they appear, because they lead
ingly, the GGA’s doworsethan LDA here. to good unambiguous energy densities.

Note that the unambiguous energy density partially re- |t has also been argued that local and semilocal function-
solves an important question raised about the potentials qfis can yield accurate system-averaged quantities such as en-
GGA and other approximate functionals. It is well-known grgies and system-averaged exchange-correlation holes, but
that many GGA'’s, while producing very accurate energiespot point-wise quantities such as the potential, since these
can yield potentials which look quite different from the cor- continuous approximations cannot capture the derivative dis-
responding exact quantitiés®In Fig. 6, we plot the corre-  continuity of the exact functiondP Note that our expression

lation plus kinetic correlation energy per electron Eq. (14) containsa system-average in the integration over
eg”amb(r)+ FInamty ) [ lnamiy py 4 gunamby )15 (p), the second variable, so that even when potentials look poor,

(23) the energy densities look good.

for the He atom. Comparison with Fig. 3 of Ref. 17 shows

that this Helmholtz construction yields an energy per elec-B

tron quite similare&® ™, which was used there. The figure

shows that many of the poor qualities of the potential occur ~ For solids, Eq(14) has iqﬁgrfneSting consequences. From
also in this correlation energy per particle: GGA's diverge atEd. (13), we can determiney&™r) everywhere within a

unit cell, but only up to a constant. We may write

. Extended systems

PBE
2 BLYP ... = o0z
< .
= 0}
-3 Ne atom =
= 4 unambiguous 2 002
& S 0.04
LB S ES
N , T 006
D = -008
7 LT TN g
,’///conventional ""135.&,_”“_,,‘ S 01
-8 Lo e~ o = :35_012
02 025 03 035 04 045 05 055 06 ~
T

0 05 1 15 2 25 3 35 4
r

FIG. 4. Functional approximations to the radial unambiguous exchange-
correlation energy density, for the Ne atdatomic unit3 and the corre-  FIG. 6. Unambiguous exchange-correlation plus kinetic-correlation energy
sponding conventional energy densities. per electron for the He atorfatomic unitg.
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cell 3¢ _unam unam unam face calculations, the independence of the bulk energy den-
Exc= Le”d reX@™r) — €™ ro) 1+ Veaeke ™ ro), sity on the surface profile should provide a check on
(24) calculations of surface electronic structure.

whererg is some point within the cell, and is the vol- ACKNOWLEDGMENTS
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